a: Mb(F(X))-* J(X)
between the Albanese variety of F( X) and the intermediate Jacobian of X, is, for generic X, an isomorphism. The proof is based on Clemens' method, as described in [3] , [5] , [7] ; in particular see [10] p. 478. As for the motivation for studying the map a, and all the necessary definitions, the reader is referred to the introduction of most of the papers cited in the references, and in particular to the survey article [4] . In §1 we study the variety F(S). In particular, using elementary deformation theory, we show that, for generic S, F(S) is a smooth irreducible surface. In addition, in the space P 83 of all sextic surfaces, we describe the codimension-1 locus parametrizing singular F(S). More precisely, we show that this subset is the union of two hypersurfaces, A\ and B'; A' corresponding to special sextics (see Def. 1.2), and B' parametrizing singular sextics. For S = generic point of A', F(S) will only have isolated singularities. In §2 we discuss the case of a sextic surface with one ordinary node. In this situation, for general S, F(S) is 85 singular along the curve F(S) 0 parametrizing totally tangent conies passing smoothly through the node of S: here we show that F(S) 0 is a smooth irreducible curve. Also, in this Section we construct the normalization n:
F(S) -* F(S) of F(S), and in F(S) we identify the preimage F(S) 0 of F(S) 0 .
Finally, in order to show that a is an isomorphism, it is enough to prove that, modulo torsion, the cylinder map γ: H 1 (F(X), Z) -> H 3 (X, Z) is an isomorphism. Clemens' method reduces this assertion to the verification of a series of facts concerning the rational family of Fano varieties {F(X t )} (t G P 1 ), associated to a general family {X t ) (t e P 1 ) of sextic double solids (see Prop. 3.2) . This is done in §3, using the results from the previous two sections.
We end this introduction recalling a few general facts concerning (sextic) double solids. Let F = 0 be the equation of the sextic surface S. Then, the double solid X is nonsingular if, and only if, S is nonsingular. Denoting with E the line bundle 0 p3 (3) , then / factors naturally as a closed embedding and a bundle projection:
In this way X is identified with the zero scheme in E of T 2 -F e i/ o (£,/*0p 3 (3) ), where T= fibre coordinate; and S is defined inside X by the equation T= 0 [compare 11,pp.7-9] . So, setting Θ E (n) =/*0 P 3(«), we obtain the following identification: (0.2) Θ E (X) = Θ E (6) , Θ X (S)^& X (3) and, for the sheaves of relative differentials:
Finally, setting H = /~X(P 2 ), where P 2 c P 3 is a generic plane, from the exact sequence (0. 3) 0 -> 7*0^3 -> Q\ -> Ω^/pa -> 0
This shows that X is a (hyperelliptic) Fano three-fold of index 1, and of the first species, since, by a Lefschetz type theorem and the fact that X can be realized alternatively as a smooth hypersurface of degree 6 in a weighted projective space JP(X O ,...,X 3 ,Γ) where deg(.x,) = 1 for / = 0,..., 3, and deg(Γ) = 3, Pic( X) = Z [9] .
Throughout this paper we work over the field of the complex numbers. 9 W 69 then, the squaring map between W and R 6 induces the Veronese embedding υ: P(W) -> P(i? 6 ). In P(R β ) let N be the 14-dimensional linear subspace of curves containing C as a component. Then we have (-I-) iff G belongs to the pencil a(g 2 g 4 ) + bg\ = 0 iff G lies on the projecting cone Fof lm(υ) from N.
Finally, since Im(y) Π N = 0, V is 21 dimensional and irreducible.
REMARKS, (a) One can also check that Sing(<@) = {(G, H) <Ξ 9: G contains a conic} (b) Notice that Sing(K) = iV; for, the intersection of N and Sec(Im(t>)) is empty. In fact, it is known that for the Veronese embedding T of P", dim(Sec(Γ)) = In instead of 2n + 1; moreover a pencil {ag\ + bf^ = 0} (g 3 , f 3 G W) cannot intersect the linear system N.
(c) From the previous remark we have that 2£ 2 X Sf and & are smooth along their intersection provided S does not contain a conic. Since
is smooth and 2-dimensional at P iff 2? 2 X ^ and <® intersect transversally at P.
Using elementary deformation theory, we would like to compute the dimension of the tangent space to
The local deformation of 0 in 2£ 2 X <2Γ 6 is given by:
( The local deformation of 0 in 2) is obtained from (1.5a) and (1.5b) setting (1.7) r = 0, t h = t' h ,h = 1,2,3, and ιι, = ι*;, i = 1,...,5
Together (1.6) and (1.7) describe the tangent space T@ o .
On the other hand, in «2" 2 X S? the local deformation of 0 is given by (1.5a) together with the following equations:
Writing the parameters of (1.5b) as polynomial functions of (t" y t f {, t'ζ)ŵ ith the identifications t h = t^ h = 1, 2, 3, the family of curves (1.8) becomes, in a natural way, a subfamily of (1.5b). From equations (1.5) and (1.8) we see that 7^2χ^i 0 £ ^2x^6,o can be identified with the linear system of plane sextics: Proof. First, notice that dim(Γ F(S)0 ) > 3 iff T& Xt9 ,£ ίΞ ^i,o Then, since we are inside the linear subspace of A 38 defined by u ι = u\, i = 1,..., 5, t J = t' j9 j = 1, 2, 3; this last condition is equivalent to the fact that the family of plane sextics (1.9) is contained in the family (1.6) where r = 0. Thus, h 5 (Σ 3 h = ι t h x h ) c (g 2 ,g3 ? g4) Case (a) follows from this (by Macauley's theorem [8] p. 599) when {g 2 = g 3 = g 4 = 0} = empty, and (b) simply because S is singular in 0 e V(h 5 , g 2 , g 3 , g 4 ), Λ 4 (0) = 0 and (1.6) is the linear system of plane sextics passing through 0.
REMARK. If S has a node in 0, then every totally tangent conic smooth in 0 satisfies condition (b) of the proposition. Notice that, passing through 0 there are finitely many tritangent lines. Any two of these tritangents give a reduced totally tangent conic singular in 0. However, for generic S with a node, these conies do not satisfy condition (b), because in this case one gets g 4 (0) Φ 0, so they correspond to smooth points of F(S).
Next, we want to show that, for generic S, F(S) is a smooth irreducible surface.
If P 83 is the projective space parametrizing all sextic surfaces in P 3 , consider the correspondence: 
Proof. With the same notation as in the previous lemma, set 0 =
where Q e i/°(P 3 , 0 p3 (5)), and ί e C. Also,
where P e 7/°(P 3 , ^ (4)). If / 5 = (g 2 , g 3 , g 4 ) then U e / 5 c i? 5 . Since dim(/ 5 ) = 18, and dim i/°(i/, 0^(5)) = 21, it follows that qϊ\0) Π A P 53 , so ^4 is a codimension 3 irreducible variety. In particular, codim(yl') > 1. Also, S e ^"HO)
Sing(G) # 0 and C Π Sing(G) ^0}. (4)), h 5 e (g 2 , g 3 , g 4 ) and {g 2 g 4 + g 3 = x 0 = 0} = G is smooth. Then each surface of the system is special and, since the cone [g 2 g4 + %\ = 0} is non singular along the base locus G, by Bertini's theorem, the generic element of the system is smooth. 2. Throughout this section we make the following assumption.
Assumption 2.1. (i) S = singular sextic surface with an ordinary node in 0(0:0:0:1) as its only singularity;
(ii) S does not contain any conic.
REMARKS.
(1) Notice that a surface S satisfying the above two conditions is represented by a point of P 83 -(closed subset of codim > 2). (2) The first assumption implies that the tangent cone to S in 0 has rank 3. In this situation, if S is not special then F(S) is singular along the locus parametrizing totally tangent conies through 0 and smooth there.
If σ λ = blowing-up of 3£ 2 along the subvariety 3?\ of conies passing through 0, and σ 2 = blowing-up of iΓ 6 along the subvariety <2Γ 6 2 of sextics singular in 0; then we want to use the product n = o x X σ 2 to normalize F(S). InP 3 X 2£ 2 andP 3 X 3? 6 respectively, consider the "universal curve": (2.2) 7 2 : Λ-^2, jV Sβ^&β where J? 2 = {(*; C, H): x e C}, / 6 = {(*; G, H): x e G), and y 2 , j 6 are the restrictions of the natural projections. Let σ: P 3 -> P 3 be the blowing-up of P 3 in 0. Choosing affine coordinates:
3 in the affine space A 3 X A 2 = ( c, y 9 z; x\ y'), P 3 is defined by the equations x = x'z, j = y'z. In A 3 X ^2 X «2^6 the subvariety f 2 X^ is given by the affine form of equations (1.5a) and (1.5b). Now, in consider the variety^ birational to ^, defined by the equations: and denote also with n the restriction ftJ^OS). Given g G F(S), we would like to compute the tangent space to F(S) at Q. is the tangent cone to S in 0, and λ', λ" are the roots of (2.13). Set:
By Proposition 1.10 and the remark following it, we have that for generic S, Sing(F(S)) = {Z\ X iT 6 2 ) F(S) -(& 2 2 X ^6 2 ) F^jvhere 2Zj = (conies singular in 0). Set E' = (E -rc\2£l X ^6 2 )) F(S), then F(S) -E f is biregular to F(S) -Sing(F(S)). If

F(S) 0 = inverse image of F(S) 0 in F(S).
Then, one can compute that if the coefficients A 9 B, and K of (2.13) are identically 0, either rk # < 1 or rk <€ = 2 and the conic C is tangent to the intersection of the two components of #. Hence, by our assumption on £, equation ( is injectiυe, unless Q is a branch point for n 0 .
GIUSEPPE CERESA AND ALESSANDRO VERRA
Proof, To simplify notation, we write F for F{S\ Q = (Q\ Q") e «^2 X <2Γ 6 , and use similar notation for the preimages. Consider the tangent map Notice that the second map in the product is an isomorphism since σ 2 is biregular in SP. For, Sf is smooth in «3Γ 6 , ίΓ 6 2 Sf is a divisor in ^, and σ 2 blows-up (an ideal of) <3Γ 6 2 . Since the fibre of σ 1 is P 1 , dimker( JσJ^, = 1. Thus, driQ is injective unless Λ = ker^α^g, X (0) c Tp Q. NOW, inside A 38 X A 4 3 Q, A can be identified with the line through Q obtained by varying the coordinate λ (recall that λ is a local parameter on P 1 = Since, in the above affine space, F is given by the equations (2.12), (2.13), and (2.16); Λ c Tpg (affine tangent space) iff Λ is contained in the tangent hyperplane in Q to the hypersurface (2.13). This happens iff λ' = λ"; i.e. iff the two inverse images of Q by n 0 coincide. PROPOSITION 
Let S be a general sextic surface with a node, then F(S) 0 is a smooth irreducible curve.
Proof. In order to prove the proposition, it suffices to produce one sextic surface S such that F(S) 0 is a smooth irreducible curve.
Take a general quartic threefold (in short q.t.) 7cP 4 with two nodes, say U 9 V. Let F(Y) = Fano variety of conies contained in 7, F(Y) U (resp. F(Y) V ), be the closed subset of conies passing through U (resp. V) and smooth in that point (cf. [10] ). Then, applying the proof of [10, Lemma 1] 
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Let σ = blowing-up of P 4 in f/, TΓ = projection of P 4 from U onto P 3 = {t = 0}. If Ϋ is the strict transform of Y by σ, then π\Y extends to a 2:1 map π: Ϋ -> P 3 branched over the sextic surface 5 = discriminant locus of (+ ). Since Y is general in ^(U, V\ the only singularities of S are a node in 0 = ττ( F) = (0:0:0:1) plus the 24 points defined by {G 2 = G 3 = G 4 = 0}. We define now an embedding of F (7) in F(S) c ^2. Let W = variety of conies of P 4 which are smooth in U and let w: TF -> W be the blowing-up of IT along the subvariety W ι of conies passing through U. As for the case of «# 2 studied in (2.7), one can show that W parametrizes the following family of curves in P 4 :
where C = strict transform of C by σ and L c σ~ι(U) is a line through C Π σ~ι (U) . Notice that all the curves of the above family are locally complete intersections in P 4 . Now, the map π induces a morphism p: W -> 3? 2 such that:
Let F( Y) be the strict transform of F (7) in W. We claim that is a smooth injective morphism; so p
An elementary computation of parameter shows that a general Y neither contains two conies having the same image under TΓ, nor a plane section through U and V which is a conic counted twice. This implies that p' is injective. To see that p' is smooth, consider / G F(Y). Then, either / e M or / G iV. Using the notation introduced in (a) and (b), let H denote either the hyperplane containing C and C/, or the one containing U, π(C) and ZΛ Let ^ = strict transform of H in P 4 , H 2 = strict transform in IF of the variety of conies contained in H. Since the fibre p~ι(p(f)) is contained in H 2 , to show that p f is smooth we need to show that Tfj 2 j Π Tμffij = (0). This is equivalent to saying that the component of T7(γ)*f a l°nS the direction fl" 2 is (0). This component is clearly identified with H°(f 9 N f/K ), where K = H 7 and / = curve corresponding to /, and since K is a ϋ3 surface, it is 0. Notice that /(F(Γ)) = F' = F(S) -(lines counted twice). Also, one easily verifies that F=/(F(y))UP 3 , where P 3 = projective space of all conies totally tangent to S which are obtained intersecting each plane in P 3 with the tangent cone {G 2 = 0} to Y'mU, Consider now a general family {S : ,ZEA = unit disc} of sextic surfaces which are singular in 0, and such that S o = S. By Proposition 1.10, we can assume dim(F(S Z )) = 2 for all z Φ 0. In 2ί{ = 2? 2 -{lines counted twice), consider the Zariski closure F of the surface Uo^μj^i F(S Z ) O -P 2 , where P 2 c P 3 is the subfamily of conies parametrized by the above P 3 and passing through 0. The fibre over 0 of the natural morphism q: F -> Δ is the curve F(Y) 0 , which is smooth and irreducible. So, the same must hold true for the general fibre of q. PROPOSITION 2.19 . Let S be a general sextic with a node, then:
(
i) F(S) -I is smooth, where I = {Q e F(S): n(Q) is a branch point for n Q };
( . Recall that locally and that n is the restriction to F of the linear projection onto {λ = λ 0 = λ x = λ 2 = 0}. Hence, as a linear morphism of affine tangent spaces, dn Q \Tp Q i = 1, 2, is just the same projection. Also, since Q λ Φ Q 2 , these two restriction maps are injective (see Proposition 2.17) . Now, by (2.14) , F is contained in {u 3 -λt 3 = 0}; so it follows that in A 30 X A 3 , 7\ c {u 3 -λ't 3 = 0}, T 2 c {u 3 -λ"t 3 = 0}, where λ' (resp. λ") is the λ-coordinate of Q λ (resp. Q 2 ). On the other hand, it is clear from §1 that
Moreover, T FQ c T ΘQ is identified with the linear subsystem of ( + ) Tg Q = {linear system (1.6) + (1.7)} given by (in the affine coordinates introduced in (2.3)) (++) SISA + U + *s(Ί* + hy + h) = °> z = t ιX + t 2 y + t 3 . Thus, 7\ (resp. T 2 ) is the intersection of (4-+ ) with the linear subsystem M 1 (resp. M 2 ) of ( + ), obtained substituting u 3 with λ7 3 (resp. λ"ί 3 ). Clearly, dim 7] = 2, ι = 1, 2, iff the above intersections are proper iff F= M x n τ FQ n{t 3 = 0} = M 2 n 7> fβ n{ί 3 = 0} We show that F(S) 0 has ordinary double points in /, that F(S) is not normal along / and that each Q e / is a double point for F(S). In particular, the normalization of F(S) in Q is smooth and Q has two distinct preimages.
To see this consider the double covering Notice now that the cardinality of the fibre of n 0 is always 2; for, if 
where v is the normalization morphism. Proof. From 2.11 we know that F{X) 0 is a smooth curve. Let us show that F(X) 0 is connected. Since F(S) 0 is irreducible F(X) 0 is not connected iff the double covering g o :F(X) o -> F(S) 0 is trivial. Denote by Z c P 3 the strict transform by σ of the union of all conies parametrized by F(S) 0 . If g 0 is trivial /*(Z) = Z' + Z", where Z', Z" are two copies of Z and /*(Z') = Z" (/ = involution interchanging the sheets of Notice that, by [2] , [9] , Pic( Jp = Ze Θ ZΛ, (e = class of Γ, h = he,h = pull-back of a plane by (/° σ)).
Take a general plane H c P 3 , (0 £ //), and set Λ = f-\σ(H)). A is a smooth K3 surface and f/A: A -» 7/ is a double covering of # branched on H Π 5. It is easy to see that, for a general S with a node, H Π S is a general sextic curve. Hence Pic(^4) = Z and, for every plane curve Ccff, (f/A)*(C) does not split. This is a contradiction because (f/A)*(Z ΠH) splits. 
Proo/. By 2.34 F(S)
V is smooth and g v is unramified so that F(X) is smooth. F( X) is the fibre product of the morphisms g, r = n °v and r normalizes F(S). Hence n is the normalization morphism for F(X). This implies that each /)Gf(I) is a double point and that the number of branches at p is always 2 (the same holds for F(S)).
We want to see that rk(C p ) = 2(C p = tangent cone in p to F{X)). At first consider Ά e F(X) 0 -g~\I) and set {Ά l9 Ά 2 } = h'\Ά\ {Q V Q 2 } = n'\Q), 3T t = 7~Λ, T t = T F(S)Qι (i = 1,2) . Assume also that = Q im By 2.32 the following diagram commutes:
where h i = dh Ά , AI Z = dn Q , g z = dg^ (/ = 1,2). Observe that g is etale at Q t because Q t is smooth in F(S) and #g" 1 (β / ) = 2. Hence g, is injective. By Proposition 2.19 dim(Ker(« x -n 2 )) = dim(Im(« 1 ) Π Im(n 2 )) = 1, so that, since gj -g 2 is injective, dim(Im(« 1 ) Π Im(h 2 )) < 1. On the other hand, since both F(X) 0 and F(X) 0 are smooth, 
